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We study the facial structure of two important permutation polytopes in IR"Z , the Birkhoff
or assignment polytope By, defined as the convex hull of all n xn permutation matrices, and the
asymmetric traveling salesman polytope Tn, defined as the convex hull of those n xn permutation
matrices corresponding to n-cycles. Using an isomorphism between the face lattice of By, and
the lattice of elementary bipartite graphs, we show, for example, that every pair of vertices of
By, is contained in a cubical face, showing faces of Bn to be fairly special 0-1 polytopes. On the
other hand, we show that every 0-1 d-polytope is affinely equivalent to a face of Ty, for d~logn,
by showing that every 0-1 d-polytope is affinely equivalent to the asymmetric traveling salesman

polytope of some directed graph with n nodes. The latter class of polytopes is shown to have

maximum diameter [%J .

1. Introduction

The (asymmetric) traveling salesman problem, to find the shortest (directed)
Hamiltonian tour in a complete (directed) graph, is one of the widely studied
problems in combinatorial optimization, both for its utility and for the fact that
it represents, in a well-defined sense, all hard combinatorial problems. A standard
approach to solving this problem is to consider it as a linear programming problem
over the (asymmetric) traveling salesman polytope, defined as the convex hull of
all (directed) Hamiltonian tours, and to use known classes of bounding inequalities
(facets) to try to find an optimal tour. (See [5] for a discussion of this and other
approaches to this problem.)

The difficulty with this approach is that the facets of these polytopes are not
all known, and, it seems, not knowable. We give explicit evidence for this assertion
for the asymmetric traveling salesman polytope (ATSP) by showing that, up to a
certain dimension, all 0-1 polytopes are among its faces. More precisely, we show
that if P is a 0-1 polytope, then P is affinely equivalent to a face of an ATSP of
sufficiently large dimension. The dimension of this ATSP is in general exponential
in the dimension of P, and we show that it is not possible to get all 0-1 polytopes

in R? as faces of an ATSP of a dimension that is polynomial in d. In fact, we show
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a slightly stronger version of this result, namely, that every 0-1 polytope is, up to
affine equivalence, the AT'SP of some directed graph.

In Section 2 we introduce the Birkhoff polytope and associate the faces of
this polytope with elementary bipartite graphs. This establishes an isomorphism
between the face lattice of the Birkhoff polytope and the lattice of elementary
bipartite graphs. We use this isomorphism to show that every pair of vertices of
the Birkhoff polytope is contained in a cubical face. Section 3 is devoted to proving
our main result on the ATSP. In section 4 we study the asymmetric TSP of an
arbitrary directed graph and give a tight bound on its diameter.

We define some terms that will be used for the rest of this paper. We denote
the set {1,2,...,n} by [n]. The symmetric group of degree n is the set of all
permutations of [n]. Permutations that are cycles of length k will be called k-
cycles. If v=(v1,v2,...,vn) € R" then Supp (v):={z:v; # 0} is the support of v.
A 0-1 polytope is a polytope whose vertices have coordinates 0 or 1. Ky , is the
complete bipartite graph with bipartition ([n],[n]) and edge set {(z,7):1<4, j<n}.
If 8={C1,...,Cy} is an ordered collection of permutations Cj,...,Cy and if SC[d]
then 6(S) :=[],c5Cs; we write €[d] instead of B([d]). Throughout this paper, §

will denote an ordered collection of disjoint cycles. The graph G(P) of a polytope
P is the graph whose nodes are the vertices of P, and which has an edge joining
two nodes if and only if the corresponding vertices in P are adjacent on P. The
diameter of P is defined as

diam (P) := diam (G(P)) = max{d(u,v) : u, v are nodes of G(P)}

where d(u,v) is the length of the shortest path between u and v in G(P).

2. The Birkhoff polytope

Let &, denote the symmetric group of degree n. Given o € ¥y, we define the
corresponding n X n permutation matrix X (o) erR” by

1 ifo(i)=j
X(o)i; =
(0)” { 0 otherwise.

We denote by By, the Birkhoff polytope (or the assignment polytope) of order n,
given by

By, :=conv{X(0):0 € Sp}.
It is well known that Bp is an (n — 1)? dimensional polytope with the following
inequality description:

n 3
B, = :L'GR"zzxZO; =1, Vi T, =1, V3
7 7
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A detailed study of this polytope is given in [3] (see also [4]). For convenience,
we shall often denote a vertex X (o) by 0. With each vertex o € By, we associate
the bipartite graph G(o) which is the matching on Ky, n, with the edge set {(,0(2)):
i=1,...,n}. If F'is a face of Bp, then G(F) is the subgraph of K, ,, which is the
union of G(o) over all the vertices o € F. G(F) has the property that every edge of
G(F) is in some matching. Such graphs are called elementary graphs (see [6]; the
definition of elementary graphs given there also requires them to be connected, but
we will not require that here). Also if GC Ky p 1s an elementary graph, define

F(@):=conv{o:G{c) C G} =B n{z e R tzy; =01 (4,7) € G}

We see that F/(G) is an intersection of facets of By and therefore is a face of B,.
Clearly, if I, Fy are faces of By, then Fy C Fy if and only if G(F}) CG(F3). This
yields the following (see [6] for details).

Theorem 2.1. The face lattice of By, is isomorphic to the lattice of all elementary
subgraphs of Ky, ,, ordered by inclusion. [ |

Suppose I’ is a face of B, and G(F') has components Gj,...,G. Suppose
G; is bipartite with bipartition {I;,J;}, so that the sets I1,...,I; (and Jy,...,J%)
form a partition of [n]. Let B; be the Birkhoff polytope defined on the coordinates
{zg k< ;i € J;}. Since G(F) is elementary, each G; is elementary bipartite on
{I;,J;}. Hence, F;:=F(G;) is a face of B;. Then F=Fj x Fy x--- x F},, embedded

as block diagonal matrices in R (up to permutation of rows and columns). This
follows from the fact that v is a vertex of F if and only if v=wv x --- x v}, where,
for each 1, v; is a vertex of F; for each i.

If o, €Sy, then G(o,7):=G () UG(n) is a union of two matchings which is

a set of disjoint cycles and edges. Hence, by the above remark, Fy, ; := F(G(o,T))
is a k dimensional cube where k is the number of cycles in the graph. If o~ }r =
f___l C; € &y, where C1,...,C} are disjoint cycles in &, and if € = {C1,...,Ck}
then the vertices of Fy; ; are given by 06(S) over all subsets SC[k]. We note that
k can be at most |Z|. We shall associate F, » with the unit k-cube with o8(S)

corresponding to the vertex with support S (so o corresponds to the origin and «
to (1,1,...,1)). For convenience, we shall often denote Fy » by F(c,8). This proves
the following.

Theorem 2.2. B, and all its faces have the property that any two vertices are
contained in a cubical subface of dimension at most | §|. ]

We note here that the k-cube F,  is actually a zonotope (Minkowski sum
of line segments), in fact a rectangular bor generated by k mutually orthogonal

segments z; € R™. Each z; 15 supported on a cycle of the graph G(¢,7) and has
coordinates +1 or —1 alternately for edges of G{o) and G(x).
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For more details and a general survey of the Birkhoff and other permutation
polytopes, see [2].

3. The asymmetric TSP

Let
In={0c €Spn:0isacycleof length n} C Ly,
The asymmetric TSP of order n is defined by

Tp :=conv{X{(o):0 €Ty}
so that

T, C B, C R*.

This means that if F' is a face of By, then FNT, is a face of T, induced by F.
We exploit this relationship between the faces of By, and T, to derive some results
about the faces of Tr,.

We first describe the following procedure to generate some lower dimensional
faces of T,:

Let 0 € ¥y, and € = {C1,...,C;} where Cy,...,Cy € ¥y, are disjoint cycles.
Then F(o,8) C By, is a k-cube and if V' is the set of ATSP vertices of this cube
then conv (V) = F(0,6)NT, is a face of Tp,. Call such a face F'(0,8). We shall

identify F’'(o,8) with a 01 polytope embedded in the k-cube. We note that if
rm=08k]=0Cy---Cy , then

F(0,8) = Bpn{z € R* : 25 = 0if (i,5) ¢ G(o,m)}
and hence

F'(0,8) = Ton{z € RY i@y = 0if (i,5) ¢ Glo,m)}.

Example 1. (Rao [7]) Let n=9, ¢=(1,2,3,4,5,6,7,8,9) and 6 ={C1,C2,C3} where
C1=(1,7,4), C2=(2,8,5) and C3=(3,9,6). Then F(0,8)C By is a 3-cube and the
other vertices of this cube are given by
o1=0C1=(1,8,9)(2,3,4)(5,6,7) ~(1,0,0)
oy =aCy=(1,2,9)(3,4,5)(6,7,8)~(0,1,0)
o3=0C3=(1,2,3)(4,5,6)(7,8,9)~(0,0,1)
o12=0C1Cy=(1,8,6,7,5,3,4,2,9)~(1,1,0)
093 =0CCs=(1,2,9,7,8,6,4,5,3)~(0,1,1)
o13=0C1C3=(1,8,9,7,5,6,4,2,3) ~(1,0,1)
123 =0C1CC3=(1,8,6,4,2,9,7,5,3) ~(1,1,1}.
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Fig. 1. F(0,6) and F'(0,%) for Example 1

We note that 5 of the vertices of this cube are AT'SP vertices and thus F'(c0,8) is
a bipyramid over a triangle as shown in Figure 1. |

It is natural to ask which 0-1 polytopes can appear as faces of the ATSP in
the above manner. Surprisingly, it turns out that they all can; the remainder of
this section is devoted to proving this assertion.

Let Iz denote the unit d-cube. We will usually refer to vertices of I by their
corresponding supports which are subsets of [d]. If V' is a subset of vertices of I,
then by I;—V we mean the convex hull of the vertices of I; that are not in V.

Proposition 3.1. 1; is a face of T, for n=3d.

Proof. Let 0=(1,...,n) and 6={(1,2,3),(4,5,6),...,(n—2,n—1,n)}. Then for any
SC[d], c€(S)=(a1,...,an) €T, where

o fBi-23i3i-1 ifieS
3i-2%3-1 %3 = 3, _ 23— 1,3i otherwise
This shows that F/(0,8)=F(0,8)=1,. ]

Next we show that I;— S is also a face of the Tyy for any vertex Sel;. We
begin with S=[d].

Proposition 3.2. Let d be a positive integer, n=3d, c=(1,2,...,n) and let
€ ={C1,C,...,Cy} = {(1,3,5),(4,6,8),...,(n— 2,n,2)}
(ie., C;=(3i—2,3i,3i+2) for i<d and Cy=(n—2,n,2)). Then

F'(0,8) =1~ [d].

Proof. Since

o8ld = (1,4,7,...,n - 2)(3,6,9,...,n)(n—1,n~4,...,2) ¢ T,
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this implies that [d] ¢ F/(0,8).

Now we need to show that all the other vertices of the cube F(c,8) are also
vertices of T;,. For the rest of the proof, the numbers we indicate are modulo n. Let
8li,j] = CiCiy1--- C; (if i > j, then set B[i,j]=C;---CqC1---C;). Let o5 denote
the sequence

36—2,3%+1,3i+4,...,37+1,3+2,3j — 1,35 —4,...,3—1,3i,3i +3,...,3j + 3

that is, o;; increases from 3¢ —2 to 3j+1 in steps of 3 then decreases from 3j + 2
to 3i—1 in steps of 3 and finally increases from 3i to 37+ 3 in steps of 3. Then

o8li, 5] = (@ij, 3 + 4,35 +5,...,3i — 3) € T,
that is, 08]i, ;] is a cyclic permutation that differs from o by inserting a;; in the

interval [3i—2,37 +3].
Let SC|[d] be a proper subset of [d]. We write

6(S) = Bli1, j1]8li, jo] - - - Blig, j]

where i) < i3 < -+ < i and the above representation for $(S) is minimal (i.e.,
g[irajr]g[ir+lyjr+l] #g[irjr+l] for r= 1, ceey k )

Then, 08(S) is a cyclic permutation that differs from ¢ by inserting the
sequences o, ;. in the interval [3i,—2,3.+3] for r=1,...,k, hence 08(S) €T, and
we are done. [ ]

Proposition 3.2 generalizes to the following result.

Proposition 3.3. If SC[d], S#0, n=3d and 0 =(1,...,n) then there is an ordered
collection of disjoint cycles ={C1,...,Cq} CSn such that F'(0,8)=I;-38.

Proof. Let 6={C,C;...,Cy} be the ordered set as defined in the last proposition.
Let S=[d]—S. We show that there exists a 7 €Yy, such that

- -1¢, ;
1) Ci={7r Cim  i€S

o7 ie S
Since S is nonempty, S#[d] and hence 5:=08(S5) €T, Let @:{51,...,6(1} where

~ C; 1€ S
Ci:{ci—l i€s.

Then F/(G, @) =I4~S. Since o and 7 are both cycles of length n they are conjugate,
that is, there is T €Sy, such that o =717 =nr"108(S)r. Conjugating the cycles
C; by  to get C;, we see that for any subset RC[d]

oB(R) = n 16 (n"18(R)7) = n 1G8(R)x
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which has the same cycle structure as 6(R). Thus we must have F'(0,6)=1;-S.11

Example 2. Let v = (1,0,0,0), ¢ =(1,...,12). We find 6= {C1,03,C3,C4} such
that F'(0,8)=14 —v.
By Proposition 3.2, if

6 = {C1,C3,C3,Ca} = {(1,3,5),(4,6,8),(7,9,11), (10,12, 2)}
then F'(0,8)=14—(1,1,1,1). Let S={1}=Supp(v), S={2,3,4},
7 =08(S) = 0CrC3Cy = (1,2,11,8,5,6,9,12,3,4,7,10) =: (a1,ag,...,a12)
with a1 =1. Setting (i) =aq; for i=1,...,12 we get

™= (3’11’7’9)(418112,10) and o= 77—187[-‘

Then
Cr=7"'C1mr=(1,9,5)
Co=n"1C7 r = (4,6,10)
Cs=x"1C1r = (3,7,11)
Cy=n"lo7n = (2,8,12).
Hence

& ={(1,9,5),(4,6,10), (3,7, 11),(2,8,12)}
Using the same method, one can show that if

8 ={(2,4,12),(1,5,7),(6,8,10),(3,9,11)},

then F'(0,8)=14~(0,1,1,1). ]

Example 2 shows how we can find € of Proposition 3.3. 1f 5 := 06(5) =
(a1,...,a5) then setting n(:) =@; for i=1,...,n we would get ¢ = v~ 1Gx. This

defines C; (by (1)) and hence 8.

Now we tackle the general case of removing any set of vertices. Let PCR? be a
0-1 polytope. Assume without loss of generality that 0€ P and let V ;= {S1,..-, Sk}
be the set of vertices of I; that are not in P (i.e., P=I;—V). By Proposition 3.3,
we can find 8; = {C1,...,Ciq} such that F'(0,8;)=1;—S; for i=1,...,k, where
n=3d, ¢ =(1,...,n) and each Ci; is a 3-cycle. The idea is to concatenate the
cycles Cyj,...,Cy; for j=1,...,d to eliminate Sj,...,Sk. For this, the cycles must
be defined on distinct sets. So, assume that 8; is defined on {(i—~1)n+1,...,in} and
let oy=((i—1)n+1,...,in) so that F'(0y,8;)=I4—S; for i=1,...,k (i.e., 038;(S)
is an n-cycle for all §C[d] except when S=35;).
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Proposition 3.4. There is an integer N and an ordered set of disjoint cycles ¥' =
{v{,....Y;}CS N such that if6’=(1,...,N) then F'(¢/,¥')=P.

Proof. Define the permutations Y; = C1;Cy;---Cyj € Fgp, for j=1,...,d and let

Y={1,...,Yy}, and N=kn+ (k+1)d. The following array illustrates how Y; is
defined.

€1 Ci1 ...|Cyj|... Ciq Fl(01,81)=1-5;

€r Cr1 ... |Ckj|... Cia Fl(01,81)=1-5

We first show that if SC [d] then
(2) d'Y(S) € In © 0,8,(S) is an n-cycle for r=1,... k.

To see this, note that

d'Y(S) =o' [[ Yo =o' [[(Crs-- Cis) = 0"61(S) - 84(S).
s€S seS

Suppose 078(S) = (T(_1)nt1s---1Trn) is an n-cycle for r = 1,...,k with
m(r—l)n—{-l:(r— 1)n+1. Then it follows that

od'Y(S) = (z1,29,. ., Ty, kn+ 1L kn+2,...,N) € Iy,

since o'Y(S)(1) = 0’6, (S)(!) = 0, 6,(S)(1) if (r—V)n<I<rn, l# z7 and
oY (S)(zrn)=0'(rn)=rn+1=zpp4; for r=1,... k.
Conversely, suppose that for some r, 0,8,(S)=C"r is not an n-cycle where C’

is a cycle not involving (r—1)n+1. Then, as above 0’Y(S) has C’ as a cycle, so is
not in J 5 proving (2).

It follows from (2) that ¢’¥(S) € Iy if and only if S¢ V, ie., if and only if
S is a vertex of P. We now modify the permutations Yi,...,Yy to define cycles
Y{,...,Y; such that c’Y(S)e T y & o'Y'(S) €Ty for all SC[d].

Suppose the 3-cycle C;; = (afij;bij,cij) and let §;; denote the sequence
a;j,bij,¢i5. For j=1,...,d define

Y].' =(rj+k+1,0,7+ kyé‘(k——l)j-‘v--yrj +2,615,7;+1)
= (Tj +k+ l,akj,bkj,ck]-,rj +k,...,rj+2,a15,b15,c15,75 + 1),

where rj=kn+ (5 - 1)(k+1).
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Let SC[d]. Let m=0'Y(S) and 7' =0’¥’(S) and write 7 and =’ as products
of disjoint cycles. Noting that Y; = {ag;,bxj,cx;) - (a15,b15,¢15), we see that for
i=1,...,k and j € S, the sequence c;j,a;; +1 in 7 is replaced by the sequence
cij,mj+i+1,ai+1 in 7' and the sequence rj+1,...,7;+k+2 in 7 is replaced by

ri+1,7;+k+2in w'. Thus if 7 is an N-cycle then 7’ is a rearranged N-cycle and
conversely. Therefore,

(3) 7I'I=0'/y(5)EgN@ﬂ=0,y,(S)€gN.
It follows from (2) and (3) that F'(¢/,¥') = P and N = kn+(k+1)d = 3kd +
(k+1)d=(4k+1)d. 1

The following is a direct consequence of Proposition 3.4.

Theorem 3.1. If PCR? is a 01 polytope with 24—k vertices, k> 1, then P appears
as a face of T, for n>(4k+1)d. ]

In fact, the cube in which we have constructed our face is homothetic to the
standard 0-1 d-cube 1; since the cycles Y;/ are all of the same length. As a result,
the face constructed is actually homothetic to P. Finally, since any d-dimensional
0-1 polytope is affinely equivalent to a 0-1 polytope in the d-cube, we have shown
that all 0-1 d-polytopes are faces of T, in this sense.

Example 3. Let P=14— {v1,v2} where v;=(1,0,0,0), va=(0,1,1,1).

In Example 2, we found 6; and €9 such that if =(1,...,12) then F'(5,81)=

I4—wv; and F'(0,83) =14 —vy. Now we add 12 to every number in 83 to get the
permutations in different sets. Let

o1 =(1,...,12), €1 = {(1,9,5),(4,6,10), (3,7,11),(2,8,12)}
oo = (13,...,24), 6y = {(14,16,24),(13,17,19), (18, 20,22), (15, 21, 23)}
so that

F’(O‘l,(gl) = 14 - v and F’(GQ,lgz) = I4 — V2.
Now define

= (1,9,5)(14,16,24), Y! = (27,14, 16,24, 26, 1,9, 5, 25)
Y = (4,6,10)(13,17,19), ¥{ = (30,13,17,19,29, 4,6, 10, 28)
Y3 = (3,7,11)(18,20,22), ¥{ = (33,18,20,22,32,3,7,11,31)

Yy = (2,8,12)(15,21,23), Y] = (36,15,21,23,35,2, 8,12, 34),
where we have underlined the new elements in each Y;. Let ¢/ =(1,...,36) and

={Y{,Y3,Y4,Y/}. Then for example
o'Ys = (1,2,3,8,9,10,11,4,5,6,7,12,13,. .., 18,21, 22, 19,20,
23,24,...,31,32,33,34,35,36) € T,
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while
a'Y{ =(1,2,3,8,9,10,11,32,4,5,6,7,12,13,...,18,21, 22, 33, 19, 20,
23,24,...,31,34,35,36) € T3,
and
o'YyY3Yy = (14,15,22,19) - - ¢ T3,
while

o'YyY3Y, = (14,15,22,33,19,30) - - - ¢ T35,

where we have underlined the places where the permutations differ. Similarly
multiplying o’ with all subsets of cycles of ¥’ we get F'(o/,¥')=P. ]

Remarks.

(1) The above result is not valid for B, since By, has the property that every pair
of its vertices is contained in a cubical face. For instance, the bipyramid over a
triangle (of Example 1), cannot be a face of By,

(2) A natural question to ask is whether the bound for n can be improved. We ask
this question in two different forms. Given d, is there n~d* such that

(i) All 0-1 polytopes in R? appear as faces of Tp,?

The answer is no for the following reason:

The number of 0-1 polytopes in R? is 22d, since I; has 2¢ vertices and the convex
hull of any subset of these vertices is a 0-1 polytope. If f; is the number of i-
dimensional faces of T,,, then

1 . )
fi £ ((n n 1) ) <(n- 1)!”‘1 < plithn < n™ since i < n? — 1.
i

Hence, if f is the total number of faces of T3, then

d3k

F<n?n™ = a2k if n = gk,

Then log(f) < 2klog(d)+kd®* log(d) which is a polynomial in d, whereas log(22d) =

2dlog(2) is an exponential in d. Hence, n cannot be a polynomial in d.

(i) All {combinatorially) distinct 0-1 polytopes in R? appear as faces of T},?

This question also has a negative answer: Ziegler and the second author have
shown that the number of combinatorially distinct 0-1 polytopes is also doubly
exponential. (See an update of [8]).
(3) Theorem 3.1 does not hold for all “hard” 0-1 problems:

For example, the polytope associated with the quadratic assignment problem
cannot have every 0-1 polytope among its faces since it is neighborly, i.e., every
pair of its vertices are adjacent. This is so since, choosing a hyperplane containing
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any pair of vertices of By, and no others, its normal can be used (by forming a
tensor product with itself) to define a supporting hyperplane to the desired edge of
the quadratic assignment polytope. See [1; 2.2.3] for some background. (This fact
and its proof was pointed out to us by A. I. Barvinok.)

4. The asymmetric TSP of a directed graph

For the rest of this section D will be a directed graph on the node
set [n]. A Hamiltonian tour (iy,...,in) in D (i.e., a tour comprising the edges
(i1,%2),(i2,73),...,(in,%1)) corresponds to the cyclic permutation o = (i1,...,in) €
T and hence to the permutation matrix X (o).

The asymmetric TSP of the graph D is given by
Tp := conv {X(o)| o corresponds to a tour in D}

If D is the complete directed graph, then Tp =T, as defined in the last section.
Hence, for a general directed graph D

(4) Tp=TpNn{x e R’ |z;; = O whenever (4, j) ¢ D}
Since the nonnegativity constraints define facets of Ty, this shows that Tp is a face
of Tp,.

Let o,m€¥r, be permutatvions with no fixed points (i.e., for each i € [n], o (z) #1
and 7(i) #1). Let D(o,m) be the directed graph with the edge set {(i,5):0(i)=j
or (i)=3}.

Lemma 4.1. Suppose 8 = {Cy,...,Cy} where 07 1n = Cy---Cy. Then F'(c,8) =
TD(a,ﬂ')'

Proof. We have seen earlier that if G(o,7) is the bipartite graph which is the union
of the matchings corresponding to o and 7 then the face

F(0,8) = Ban{z € R* : 2y = 0 if (i,5) ¢ G(o, )}

is a k-cube and
F'(0,8) = F(0,8)NTy.

Since the edge (4,5) ¢ G(o,7) if and only if the directed edge (4,5) ¢ D(o,7), it
follows from (4) that F'(0,8)=Tp(s r)- |

We showed that any 0-1 polytope appeared as a face of the ATSP. In
proving this result we saw that the face was of the form F’(0,8) where o was
our generic cycle (1,...,n). The following theorem is therefore a direct consequence
of Lemma 4.1:
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Theorem 4.1. Every 0-1 polytope in R? is the asymmetric TSP of some directed
graph. In fact, if the polytope has a pair of diametrically opposite vertices (vertices
with disjoint supports such that the union of their supports is [d]), then the graph
is the union of two tours. Otherwise the graph is the union of a tour and disjoint
cycles that cover the graph. |

Finally, we obtain some bounds on the diameter of Tp. We need the following
preliminary results:

Lemma 4.2. Let 0,7 € 9, correspond to tours in D. If o™l = C;---C}, and
€={C1,...,Ct}, then F'(0,8) is a face of Tp.

Proof. Since F'(c,8) =Tp(o,x) € Tp €Ty and F'(0,8) is a face of Ty, it follows
that F'(0,8) is a face of Tp, proving the lemma. |

The following is probably a well known result:

Proposition 4.1. Let PCR? be a 0-1 polytope and let vy, vy be vertices of P such
that

(i) Supp(v1)CSupp(v2) and
(ii) Ifv is a vertex of P such that Supp (v1) C Supp (v) CSupp (v2), then v=v; or
v=13.
Then vy and vo are adjacent on P.
Proof. Consider the face F' of I; spanned by the vertices v; and vs. The vertices
of F are all the vertices v € I; such that Supp (v;) C Supp (v) C Supp(v2). By our
assumption, the only vertices of P that lie on F are v; and vy. Hence FNP =
conv{vy,v2}, i.e., v1 is adjacent to vy on P. ]

Theorem 4.2. The maximum diameter of T over all directed graphs D on n nodes
is l_% J .
Proof. Define
O(n) := max{diam (Tp) : D is a directed graph on [n]}.
Let d=|% | and let D be any directed graph on [n]. We first show that diam (Tp) <

d. Let o, m €9, be vertices of Tp. Let 0 lx=C10y--C}, and 8= {Cy,...,Ci}-
Let 0;=0C1---C; and gg=o0.
Choose 0=1y<i] <---<im=Fk so that

{1, vimp={j€kl:0; €Ty}
We assume that the cycles Ci,...,C} are arranged in such a way that if SC [k]
such that [i;] €S C [i;41] and 06(S) € I then S = [i;] or S = [ij11]. Then by
Proposition 4.1, the vertices o;; and o, , are adjacent on F'(0,8) (and hence on

Tp since F'(0,8) is a face of Tp by Lemma 4.2) for =0,1,...,m—1.
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. -1 . . .
Since Ty, Gigyy = Ci;j+1---Cy;,, is an even permutation, it follows that for

7=0,...,m—1
lij—i—l + ”'+li]'+1 >3,

where [; is the length of the cycle C;. Adding these m inequalities, we get
Im<lh+lh+ -+ <n,

i.e., m<d. We have exhibited a path from ¢ to 7 of length at most d which shows
that diam(Tp) <d. This implies that O(n) <d.

To show that ©(n)=d, we have to find a find a directed graph D such that
diam (Tp) =d. Let 0 =(1,...,n), 6 ={Cy,...,Cy} where C; = (3i — 2,3i — 1,34)
for i =1,....d. Let 7 =0Cy - Cy. Then, Tpisyy = F'(0,8) is a d-cube by
Proposition 3.1, and hence has diameter d. |
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