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We study the facial structure of two important permutation polytopes in IR n2 , the Birkhoff 
or assignment polytope Bn, defined as the convex hull of all n x n permutation matrices, and the 
asymmetric traveling salesman polytope Tn, defined as the convex hull of those n x n  permutation 
matrices corresponding to n-cycles. Using an isomorphism between the face lattice of Bn and 
the lattice of elementary bipartite graphs, we show, for example, that  every pair of vertices of 
Bn is contained in a cubical face, showing faces of Bn to be fairly special 0-1 polytopes. On the 
other hand, we show that every 0-1 d-polytope is affinely equivalent to a face of Tn, for d ~ l o g n ,  
by showing that every 0-1 d-polytope is affinely equivalent to the asymmetric traveling salesman 
polytope of some directed graph with n nodes. The latter class of polytopes is shown to have 
maximum diameter [-~ J. 

1. I n t r o d u c t i o n  

The (asymmetric) traveling salesman problenl, to find the shortest (directed) 
Hamiltonian tour in a complete (directed) graph, is one of the widely studied 
problems in combinatorial optimization, both for its utility and for the fact that  
it represents, in a well-defined sense, all hard combinatorial problems. A standard 
approach to solving this problem is to consider it as a linear programming problem 
over the (asymmetric) traveling salesman polytope, defined as the convex hull of 
all (directed) Hamiltonian tours, and to use known classes of bounding inequalities 
(facets) to try to find an optimal tour. (See [5] for a discussion of this and other 
approaches to this problem.) 

The difficulty with this approach is that  the facets of these polytopes are not 
all known, and, it seems, not knowable. We give explicit evidence for this assertion 
for the asymmetric traveling salesman polytope (ATSP) by showing that,  up to a 
certain dimension, all 0-1 polytopes are among its faces. More precisely, we show 
that  if P is a 0-1 polytope, then P is affinely equivalent to a face of an ATSP of 
sufficiently large dimension. The dimension of this ATSP is in general exponential 
in the dimension of P,  and we show that it is not possible to get all 0-1 polytopes 

in R d as faces of an ATSP of a dimension that is polynomial in d. In fact, we show 
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a slightly stronger version of this result, namely, that  every 0-1 polytope is, up to 
anne  equivalence, the A T S P  of some .directed graph. 

In Section 2 we introduce the Birkhoff polytope and associate the faces of 
this polytope with elementary bipartite graphs. This establishes an isomorphism 
between the face lattice of the Birkhoff polytope and the lattice of elementary 
bipartite graphs. We use this isomorphism to show that  every pair of vertices of 
the Birkhoff polytope is contained in a cubical face. Section 3 is devoted to proving 
our main result on the ATSP.  In section 4 we study the asymmetric TSP of an 
arbitrary directed graph and give a tight bound on its diameter. 

We define some terms that  will be used for the rest of this paper. We denote 
the set {1,2, . . . ,n} by [n]. The symmetric group of degree n is the set of all 
permutations of In]. Permutations that  are cycles of length k will be called k- 
cycles. If v = (Vl,V2,... ,Vn) E ~n then Supp (v) := {i:vi  # 0} is the support of v. 
A 0-1 polytope is a polytope whose vertices have coordinates 0 or 1. Kn,n is the 

complete bipartite graph with bipartition ([hi, [n]) and edge set {(i , j) :  1 < i, j < n}. 
If $ = {C1,.. . ,  Cd} is an ordered collection of permutations e l , . . . ,  Cd and if S _  [d] 
then $ ( S ) : =  1-IsesCs; we write ~[d] instead of V([d]). Throughout this paper, 

will denote an ordered collection of disjoint cycles. The graph G(P) of a polytope 
P is the graph whose nodes are the vertices of P, and which has an edge joining 
two nodes if and only if the corresponding vertices in P are adjacent on P. The 
diameter of P is defined as 

diam ( P ) : =  diam (G(P)) = max{d(u, v) :  u, v are nodes of G(P)} 

where d(u,v) is the length of the shortest path between u and v in G(P).  

2. T h e  B i r k h o f f  p o l y t o p e  

Let 5an denote the symmetric group of degree n. Given aEban, we define the 

corresponding n x n permutation matrix X(a)E ]~ n2 by 

{1 i f a ( i ) = j  
X(a)ij  := 0 otherwise. 

We denote by Bn the Birkhoff polytope (or the assignment polytope) of order n, 
given by 

B n  : =  c o n v  : e 5an}. 

It is well known that Bn is an ( n -  1) 2 dimensional polytope with the following 
inequality description: 

Bn = x E N n2 : x > 0; xij = 1, V i; xij = 1, V j . 
j-----1 i=1 
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A detailed study of this polytope is given in [3] (see also [41). For convenience, 
we shall often denote a vertex X(a) by a. With each vertex ~r E Bn, we associate 
the bipartite graph G(a) which is the matching on Kn,,~ with the edge set {(i, a(i)) : 

i =-1,... ,n}. If F is a face of Bn, then G(F) is the subgraph of Kn,n which is the 
union of G(a) over all the vertices cr E F. G(F) has the property that  every edge of 
G(F) is in some matching. Such graphs are called elementary graphs (see [6]; the 
definition of elementary graphs given there also requires them to be connected, but 
we will not require that  here). Also if U C_ Kn,n is an elementary graph, define 

F(G) : =   onv c G} = n e : = 0 if ( i , j )  r G}.  

We see that  F(G) is an intersection of facets of Bn and therefore is a face of Bn. 
Clearly, if F1,F2 are faces of Bn, then F1 C_ F2 if and only if G(F1) C G(F2). This 
yields the following (see [6] for details). 

Theorem 2.1. The face lattice of Bn is isomorphic to the lattice of all elementary 
subgraphs of Kn,n ordered by inclusion. 1 

Suppose F is a face of Bn and G(F) has components G1,.., ,U k. Suppose 
Gi is bipartite with bipartition {Ii,J~}, so that  the sets I1,. ,. ,Ik (and J l , . - - , Jk )  
form a partition of in]. Let Bi be the Birkhoff polytope defined on the coordinates 
{xkt : k E Ii,I E Ji}. Since G(F) is elementary, each Gi is elementary bipartite on 
{Ii, Ji}, Hence, Fi :=F(G/ )  is a face of B i. Then F = F 1  • F2 •  x Fk, embedded 

as block diagonal matrices in I~ n2 (up to permutation of rows and columns). This 
follows from the fact that  v is a vertex of F if and only if v = Vl • ,.. • Vk where, 
for each i, vi is a vertex of Fi for each i. 

If a, 7r Ca~ then G(a, Tr):=G(a)UG(~r) is a union of two matchings which is 
a set of disjoint cycles and edges. Hence, by the above remark, Fr :=F(G(a, Tr)) 

is a k dimensional cube where k is the number of cycles in the graph. If a-17r-- 
k C = 

I-Ii=l i eo~ where C1,.. . ,C k are disjoint cycles in 3~ and if ~ {C1,...,Ck} 
then the vertices of Fa, Tr are given by crY(S) over all subsets SC [k]. We note that  

k can be at most [~J. We shall associate Fa,~r with the unit k-cube with ~V(S) 

corresponding to the vertex with support S (so a corresponds to the origin and 7r 
to (1,1,. . . ,  1)). For convenience, we shall often denote Fa,Tr by F(a, ~). This proves 
the following. 

Theorem 2.2. Bn and all its faces have the property that any two vertices are 
contained in a cubical subface of dimension at most L~J. | 

We note here that the k-cube F~,Tr is actually a zonotope (Minkowski sum 
of line segments), in fact a rectangular box generated by k mutually orthogonal 

segments z i E lK n2. Each zi is supported on a cycle of the graph G(r and has 
coordinates +I or -I alternately for edges of G(~) and G(~r). 
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For more details and a general survey of the Birkhoff and other permutation 
polytopes, see [2]. 

3. T h e  a s y m m e t r i c  T S P  

Let 

Yn := {or �9 ben : a is a cycle of length n} C hen. 

The asymmetric TSP of order n is defined by 

Tn := conv {X(cr) : a �9 :Yn} 

so that 

Tn C Bn C R n2 . 

This means that if F is a face of Bn, then FATn is a face of Tn induced by F. 
We exploit this relationship between the faces of Bn and Tn to derive some results 
about the faces of Tn. 

We first describe the following procedure to generate some lower dimensional 
faces of Tn: 

Let a e ben and ~ --- {C1,...  ,Ck} where C1,.. .  ,Ck E 3~ are disjoint cycles. 
Then F(o' ,~) C Bn is a k-cube and if V is the set of ATSP  vertices of this cube 

then c o n v ( V ) = F ( a , $ ) n T n  is a face of Tn. Call such a face F'(o-,~). We shall 

identify F~(cr,$) with a 0-1 polytope embedded in the k-cube. We note that  if 
71" = ~ r  $ [ k ]  ~ - o ' C 1  . - .  C k , then 

F(G V) = Bn M {x �9 R n2 : zij = 0 if (i,j) ~ C(a, Tr)} 

and hence 

F ' (a ,V)  = Tn M {z �9 ]~ n2 : xij = 0 if (i,j) r G(o-,Tr)}. 

Example 1. (Rao [7]) Let n=9, a=(1 ,2 ,3 ,4 ,5 ,6 ,7 ,8 ,9 )  and V={C1,C2,C3) where 
C1 = (1,7, 4), C2 --- (2, 8, 5) and C3 = (3, 9, 6). Then F(a, V) C B9 is a 3-cube and the 
other vertices of this cube are given by 

rrl--aCl=(1,8,9)(2,3,4)(5,6,7)"~(1,0,O) 
a2 -- o-C2-- (1,2, 9)(3, 4, 5) (6, 7, 8) ~ (0,1,0) 

a3--aC3=(1,2,3)(4,5,6)(7,8,9)~(O,O,1) 
cr12 =crC1C2 = (1,8, 6, 7, 5,3,4, 2, 9 ) ' ,  (1,1,0) 

a23=aC2C3=(1,2,9, 7,8,6, 4,5,3)"~(O,l,1) 
o-13 = o-C1C3 = (1,8,9,7,5,6,4,2,3),-~ (1,0,1) 

o12 3 =~C1C2C 3 = (1,8,6,4,2,9,7, 5,3),~ (1,1,1). 
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Fig. 1. F(a,~) and F'(cT,~) for Example 1 

We note that  5 of the vertices of this cube are A T S P  vertices and thus Fl(a,~) is 
a bipyramid over a triangle as shown in Figure 1. | 

I t  is natural  to ask which 0-1 polytopes can appear  as faces of the A T S P  in 
the above manner.  Surprisingly, it turns out that  they all can; the remainder of 
this section is devoted to proving this assertion. 

Let Id denote the unit d-cube. We will usually refer to vertices of I d by their 
corresponding supports  which are subsets of [d]. If  V is a subset of vertices of Id, 
then by I d -  V we mean the convex hull of the vertices of I d tha t  are not in V. 

Proposi t ion 3.1. I d is a face of Tn for n=3d. 

Proof. Let or=(1, . . .  ,n) and $={(1 ,2 ,3 ) , (4 ,5 ,6 ) , . . .  , ( n - 2 , n - l , n ) } .  Then for any 
S C  [d], a V ( S ) = ( a l , . . .  ,an)e21n where 

3 i - 2 , 3 i , 3 i - 1  i f i E S  
a3i-2' a 3 i - l ' a 3 i  = 3i - 2, 3i - 1, 3i otherwise 

This shows that  F' (a, V) = F(a, ~) = Id. | 

Next we show that  I d - S is also a face of the T3d for any vertex S E I d. We 
begin with S =  [d]. 

Proposit ion 3.2. Let d be a positive integer, n=3d, a - - ( 1 , 2 , . . .  ,n) and let 

= {CI,C2, . . . ,Cd} = {(1,3,5), (4,6,8) . . . .  , ( n - 2 ,  n,2)} 

(ie., c =(ai-2,ai,3i+2) for i<d a.a Cd=(n-2,n,2)). The. 

F ' ( a , $ )  = I d - [d ] .  

Proof. Since 

a~[d] = ( 1 , 4 , 7 , . . . , n -  2 ) ( 3 , 6 , 9 , . . . , n ) ( n -  1 , n -  4 , . . . , 2 )  ~ 3"n 
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this implies that  [d] • F ' (a ,  V). 

Now we need to show that all the other vertices of the cube F(a,S) are also 
vertices of Tn. For the rest of the proof, the numbers we indicate are modulo n. Let 
S[i,j] -- CiCi+l... Cj ( if i > j ,  then set S[i,j] = Ci" '  CdC1 ''' Cj). Let aij denote 
the sequence 

3i - 2, 3i § 1, 3i + 4 , . . . ,  3j + 1, 3j + 2, 3j - 1, 3j - 4 , . . . ,  3i - 1, 3i, 3i q- 3 , . . . ,  3j + 3 

that  is, O~ij increases from 3 i - 2  to 3j + 1 in steps of 3 then decreases from 3j q-2 
to 3i - 1 in steps of 3 and finally increases from 3i to 3j q- 3 in steps of 3. Then 

crS[i,j] = (c~ij , 3j + 4, 3j + 5 , . . . ,  3i - 3) E 3"n, 

that  is, aS[i,j] is a cyclic permutation that  differs from a by inserting O~ij in the 

interval [3i - 2, 3j + 3]. 

Let S C [d] be a proper subset of [d]. We write 

S(S) = S[il, jl]V[i2, J2] " " �9 S[ik, Jk] 

where il < i2 < "" < ik and the above representation for S(S)  is minimal (i.e., 
S[ir,jr]V[ir+l,jr+l] r  for r = 1, . . . ,  k ). 

Then, aS(S) is a cyclic permutation that  differs from cr by inserting the 
sequences OZirjr in the interval [3 i r -2 ,  3jr +3] for r - - 1 , . . . ,  k, hence a S ( S ) E  0"n and 
we are done. I 

Proposition 3.2 generalizes to the following result. 

Proposition 3.3. If SC [d], S r  n=3d and a = ( 1 , . . .  ,n) then there is an ordered 
collection of disjoint cycles ~ = { e l , . . . ,  Cd) C~f n such that Ft(cr, ~) -- I d - S. 

Proof. Let S =  {C1, C2. . . ,  Cd} be the ordered set as defined in the last proposition. 

Let S = [d]-  S. We show that  there exists a Tr E J n  such that  

T;-1CiTr i E S 
(I) Ci = 71"--16/--171" i E :~. 

Since S is nonempty, Sr  and hence ~ : = a V ( S ) E J n .  Let ~ = { C 1 , . . .  ,Cd} where 

= { ci i s 
c?  1 ie . 

Then Ft(3, 7) =Id-S .  Since a and 3 are both cycles of length n they are conjugate, 

that is, there is 7r Ehen such that a=lr-l~zc=lr-l~rS(S)~r. Conjugating the cycles 

Ci by ~r to get Ci, we see that  for any subset R_C [d] 

a~(R) = 7r-l~Tr(Tr-lb~ = 7r-13~(R)rr 
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which has the same cycle structure as ~E(R).  Thus we must have F '  (a, ~) = Id -S .  | 

Example 2. Let v = (1,0,0,0), a = (1, . . . ,12) .  We find ~ = {C~1,C2,C3,C4} such 

tha t  F'(cr, E) = 14 - v. 
By Proposit ion 3.2, if 

= {C1, C2, C3, C4} = {(1, 3, 5), (4, 6, 8), (7, 9, 11), (10, 12, 2)} 

then F ' ( a , ~ )  = I n - ( 1 , 1 , 1 ,  1). Let S = {1 } = Supp (v), S = {2, 3, 4}, 

= crY(S) = aC2C3C4 = (1, 2, 11, S, 5, 6, 9, 12, 3, 4, 7, 10) =: (al ,  a 2 , . . . ,  a12) 

with a l  = 1. Setting ~r(i) = ai for i = 1 , . . . ,  12 we get 

7 r=(3 ,11 ,7 ,9 ) (4 ,8 ,12 ,10)  and a=Tr-137r .  

Then 

Hence 

C1 = 7r-lC17r = (1, 9, 5) 

C2 -- 7r-lC217r = (4, 6, 10) 

~'3 --- 7r- lc317r = (3, 7, 11) 

=  -1c41  = ( 2 , s ,  

= {(1, 9, 5), (4, 6, 10), (3, 7, 11), (2, 8, 12)} 

Using the same method,  one can show tha t  if 

= {(2, 4, 12), (1, 5, 7), (6, 8, 10), (3, 9, 11)}, 

then F'(a, ~) = I4 - (0,1,1,1). | 

Example 2 shows how we can find ~ of Proposit ion 3.3. If ~ := a~ (S )  = 

( a l , . . .  ,an) then setting 7r(i) - - a i  for i = 1,. . .  ,n  we would get cr = 7r-l~zr. This 

defines Ci (by (1)) and hence E. 

Now we tackle the general case of removing any set of vertices. Let P C I~ d be a 
0-1 polytope. Assume without  loss of generality tha t  0 E P and let V := {$1 , . . . ,  Sk } 
be the set of vertices of I d tha t  are not in P (i.e., P = I  d -  V). By Proposit ion 3.3, 

we can find ~i = {Cil , . . . ,Cid} such tha t  F ' ( a , ~ i ) = I d - S i  for i = 1, . . .  ,k, where 
n = 3d, a = (1 , . . . , n )  and each C~j is a 3-cycle. The idea is to concatenate the 
cycles Cl j , . . .  , Ckj fo r  j = 1 , . . .  , d  to eliminate $1 , . . . ,  Sk. For this, the cycles must 
be defined on distinct sets. So, assume tha t  Ei is defined on { ( i - 1 ) n + 1 , . . .  , in} and 

let ai = ((i - 1)n + 1 , . . . , i n )  so tha t  F'(ai, Vi) = I d - Si for i = 1 , . . . ,  k (i.e., aiVi(S) 
is an n-cycle for all SC_ [d] except when S=Si ) .  
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Proposition 3.4. There is an integer N and an ordered set of disjoint cycles Y '  = 
{Y[ , . . . ,Y~}CJf  N such that if  a t=( 1 , . . . ,N )  then F t ( a ' , Y t ) = P .  

Proof. Define the permutations Yj = CljV2j.. .Ckj EJ~kn for j = 1 , . . . ,d  and let 

Y = {YI,... ,Yd}, and g = kn + (k + 1)d. The following array illustrates how Yj is 
defined. 

~1 Cll  . . . ~ . . .  Cld F t ( a l , $ 1 ) = I - S 1  

. . . .  ICkj i ~k Ckl Ckd F ~ ( a l , $ I ) = I - S 1  
vj 

We first show that  if S C [d] then 

(2) J Y ( S )  E 3"N ~=~ a r t r ( S )  is an n-cycle for r = 1 , . . . ,  k. 

To see this, note that  

o 'y ( s )  = , '  1-I Y, = ' '  1-I ( c , , . . .  ck,) = o ' v l ( s ) . . ,  vk(s) .  
sES sES 

Suppose a rgr (S)  = (X(r_t)n+l,. . . ,Xrn) is an n-cycle for r = 1 , . . . ,k  with 

x (r-1)n+ 1 ---- (r - 1)n + 1. Then it follows that  

a'y(s)  = (Xl, x 2 , . . . ,  xkn, kn + 1, kn + 2 , . . . , N )  e JR,  

since c~'Y(S)(1) = a'$r(S)(l)  = Crrgr(S)(/) if ( r -  1)n < l <_ rn, l # Xrn and 
~'Y(s)(~r~) =~'(rn) = r n +  1 =xrn+l for T= 1,..., k. 

Conversely, suppose that  for some r, crrtr (S)=  CI7r is not an n-cycle where C t 

is a cycle not involving ( r - 1 ) n + l .  Then, as above a~Y(S) has C' as a cycle, so is 
not in EN proving (2). 

It follows from (2) that  crY(S) E J g  if and only if S r V, i.e., if and only if 
S is a vertex of P. We now modify the permutations YI,. . .  ,Yd to define cycles 
Yll,... ,Y~ such that  a 'Y (S )eggC*a 'Y ' (S ) eJg  for all S g  [d]. 

Suppose the a-cycle C~j = (aij,bij,cij) and let 5ij denote the sequence 
hi j, bij, cij. For j = 1, . . . ,  d define 

Y~. = (rj + k + 1, 6kj , rj -[- k, ~ ( k - 1 ) j ' ,  �9 �9 � 9  rj -b 2, ~lj, rj q- 1 )  

= (rj + k + 1,akj,bkj ,Ckj,U + k , . . .  ,rj + 2, a l j , b l j ,C l j ,U  + 1), 

where rj = k n +  (j - 1)(k+ 1). 
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Let S C [d]. Let 7r = a ty (S )  and ~' = atY' (S)  and write 7r and ~' as products 
of disjoint cycles. Noting that  Yj = (akj,bkj,Ckj).. .  (alj ,blj ,Clj),  we see that  for 

i = 1 , . . . ,k  and j C S, the sequence cij,aij + 1 in ~ is replaced by the sequence 

cij, rj + i + 1, aij + 1 in 7r I and the sequence rj + 1,. . . ,  rj + k + 2 in ~r is replaced by 

rj + 1,rj + k +2 in ~ .  Thus if ~ is an N-cycle then ~ is a rearranged N-cycle and 
conversely. Therefore, 

(3) ~' --- 0 - 'Y (S )  e 3.N ~=~ 7r -= 0 - t y t ( s )  E 3.N" 

It follows from (2) and (3) that F ' ( a ' ,Y ' )  = P and g = k n + ( k + l ) d  = 3kd+ 
( k + l ) d = ( 4 k + l ) d .  i 

The following is a direct consequence of Proposition 3.4. 

Theorem 3.1. I f  P C R d is a 0-1 polytope with 2d-k  vertices, k > 1, then P appears 
as a face of Tn for n >_ ( 4k + l )d. i 

In fact, the cube in which we have constructed our face is homothetic to the 
standard 0-1 d-cube I d since the cycles Y/ are all of the same length. As a result, 
the face constructed is actually homothetic to P. Finally, since any d-dimensional 
0-1 polytope is affinely equivalent to a 0-1 polytope in the d-cube, we have shown 
that  all 0-1 d-polytopes are faces of Tn in this sense. 

Example 3. Let P = I 4 - { V l , V 2 }  where Vl =(1,0,0,0),  v2=(0,1,1,1).  

In Example 2, we found ~1 and ~2 such that  if a = ( 1 , . . .  ,12) then F t ( a ,~ l )  = 

I 4 -  Vl and F l ( a , ~ 2 ) =  I 4 -  v2. Now we add 12 to every number in $2 to get the 
permutations in different sets. Let 

o1 -- (1 , . . . ,  12), ~1 -- {(1, 9, 5), (4, 6, 10), (3, 7, 11), (2, 8, 12)} 

a2 = (13, . . . ,  24), ~2 --= {(14, 16, 24), (13, 17, 19), (18, 20, 22), (15, 21, 23)} 

so that  

Fl(al,  ~1) = I4 - Vl and Fr(a2, ~2) = I4 - v2. 
Now define 

Y1 = (1,9,5)(14, 16,24), Y1 t = (27,14,16,24,26,1,9,5,25) 

Y2 - (4,6,10)(13,17,19), Y~ = (30,13,17,19,29,4,6,10,28) 

Y3 = (3,7,11)(18,20,22), Y~ = (33,18,20,22,32,3,7,11,31) 

Y4 = (2,8,12)(15,21,23), Y~ = (36,15,21,23,35,2,8,12,34), 

where we have underlined the new elements in each y/t. Let 0-1= (1,. . . ,36) and 

~/'= {Y~,Y~,Y~,Y~}. Then for example 

0-~Y3 = (1, 2, 3, 8, 9, 10, 11, 4, 5, 6, 7, 12, 13 , . . . ,  18, 21, 22, 19, 20, 

23, 24 , . . . ,  31, 32, 33, 34, 35, 36) E 3"36, 
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while 

JY~ = (1, 2, 3, 8, 9, 10, 11, 32, 4, 5, 6, 7, 12, 13 , . . . ,  18, 21, 22, 33, 19, 20, 

23, 24 , . . . ,  31, 34, 35, 36) E 9"36, 

and 

JY2Y3Y4 = (14, 15, 22, 19) . . .  r 9.36, 

while 

JY~Y~Y~ = (14, 15, 22, 33, 19, 30) �9 .. ~ 9.36, 

where we have underlined the places where the permutations differ. Similarly 
multiplying a r with all subsets of cycles of 3/I we get Fl(a I, y l )=p .  | 

Remarks. 

(1) The above result is not valid for Bn since Bn has the property that  every pair 
of its vertices is contained in a cubical face. For instance, the bipyramid over a 
triangle (of Example 1), cannot be a face of Bn. 
(2) A natural question to ask is whether the bound for n can be improved. We ask 

this question in two different forms. Given d, is there n,,, d k such that  

(i) All 0-1 polytopes in ]R d appear as faces of Tn? 
The answer is no for the following reason: 

The number of 0-1 polytopes in R d is 22d, since I d has 2 d vertices and the convex 
hull of any subset of these vertices is a 0-1 polytope. If fi is the number of i- 
dimensional faces of Tn, then 

_ 

Hence, if f is the total number of faces of Tn, then 

f < n2n n3 = d2kd kdak if n = d k. 

Then log(f) _< 2k log(d)+kd 3k log(d) which is a polynomial in d, whereas log(22~) = 

2dlog(2) is an exponential in d. Hence, n cannot be a polynomial in d. 

(ii) All (eombinatorially) distinct 0-1 polytopes in I~ d appear as faces of Tn? 
This question also has a negative answer: Ziegler and the second author have 

shown that  the number of combinatorially distinct 0-1 polytopes is also doubly 
exponential. (See an update of [8]). 
(3) Theorem 3.1 does not hold for all "hard" 0-1 problems: 

For example, the polytope associated with the quadratic assignment problem 
cannot have every 0-1 polytope among its faces since it is neighborly, i.e., every 
pair of its vertices are adjacent. This is so since, choosing a hyperplane containing 



ALL 0-1 P O L Y T O P E S  ARE T R A V E L I N G  SALESMAN P O L Y T O P E S  185 

any pair of vertices of Bn, and no others, its normal can be used (by forming a 
tensor product with itself) to define a supporting hyperptane to the desired edge of 
the quadratic assignment polytope. See [1; 2.2.3] for some background. (This fact 
and its proof was pointed out to us by A. I. Barvinok.) 

4. T h e  a s y m m e t r i c  T S P  of  a d i r e c t e d  g r a p h  

For the rest of this section D will be a directed graph on the node 
set [n]. A Hamiltonian tour ( i l , . . . , in)  in D (i.e., a tour comprising the edges 
(il, i2), ( i2,ia), . . . ,  (in, il)) corresponds to the cyclic permutation ~ = ( i l , . . . , in)  E 
J n  and hence to the permutation matrix X(a) .  

The asymmetric TSP of the graph D is given by 

T D := cony {X(a)l a corresponds to a tour in D} 

If D is the complete directed graph, then T D = Tn as defined in the last section. 
Hence, for a general directed graph D 

(4) TD = Tn N {x E R n2 ]xij = 0 whenever (i, j)  ~ D} 

Since the nonnegativity constraints define facets of Tn, this shows that  TD is a face 
of Tn. 

Let a, rrEh~ be permutations with no fixed points (i.e., for each iE [n], or(i)7~i 
and rr(i)~ i). Let D(cr,~r) be the directed graph with the edge set {( i , j ) :  a ( i ) = j  
or 7r(i)=j}. 

Lemma 4.1. Suppose ~ = {C1,... ,Ck} where O"-171" = C1. . .C k. Then F'(cr,~) = 
TD(~,~). 

Proof. We have seen earlier that  if G(cr,~) is the bipartite graph which is the union 
of the matchings corresponding to a and Tr then the face 

F (a ,~ )  = Bn n {x E R n2 : xij = 0 if ( i , j )  ~ G(a,~r)} 

is a k-cube and 

F ' (a ,  ~') = F(a,  ~') N Tn. 

Since the edge (i,j) ~ G(cr, Tr) if and only if the directed edge (i,j) ~ D(~,Tr), it 
follows from (4) that  F'(cr, ~) = TD(a,~r ). I 

We showed that  any 0-1 polytope appeared as a face of the A T S P .  In 
proving this result we saw that  the face was of the form Fl (a ,~)  where a was 
our generic cycle (1, , . . ,n) .  The following theorem is therefore a direct consequence 
of Lemma 4.1: 
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Theorem 4.1. Every 0-1 polytope in R d is the asymmetric TSP of some directed 
graph. In fact, i f  the polytope has a pair of diametrically opposite vertices (vertices 
with disjoint supports such that the union of their supports is [d]), then the graph 
is the union of two tours. Otherwise the graph is the union of a tour and disjoint 
cycles that cover the graph. | 

Finally, we obtain some bounds on the diameter of TD. We need the following 
preliminary results: 

Lemma 4.2. Let a, ~r E Yn correspond to tours in D. I f  a-17r = C I ' " C k  and 
•={C1, . . .  ,Ck}, then F'(cr, V) is a face o f T  D. 

Proof. Since F'(cr, V ) =  TD(a,Tr ) C TD C_ Tn and F ' (a ,V)  is a face of Tn, it follows 

that  F'(a ,~)  is a face of TD, proving the lemma. | 

The following is probably a well known result: 

Proposition 4.1. Let PCI~ d be a 0-1 polytope and let Vl, v2 be vertices of P such 
that 

(i) Supp (Vl) C Supp @2) and 
(ii) I f  v is a vertex of P such that Supp(vl)C_Supp(v)CSupp(v2) ,  then V : V l  or 

V~---V2. 

Then Vl and v2 are adjacent on P. 

Proof. Consider the face F of I d spanned by the vertices Vl and v2. The vertices 
of F are all the vertices v E I d such that Supp (Vl)C Supp (v)C Supp (v2). By our 
assumption, the only vertices of P that  lie on F are Vl and v2. Hence F N P -= 
conv{vl,v2}, i.e., Vl is adjacent to v2 on P. | 

Theorem 4.2. The maximum diameter of TD over all directed graphs D on n nodes 

is [~J. 

Proof. Define 

O(n) := max{diam (TD):  D is a directed graph on [n]}. 

Let d =  [~J and let D be any directed graph on [n]. We first show that  d i am(TD)<  

d. Let a, 7rEY~ be vertices of TD. Let a- l~r=C1C2. . .Ck  and $ = { C 1 , . . . , C k } .  
Let ai = aC1.." Ci and a0 = a- 

Choose 0 = i 0 < i l < ' " < i m = k  so that  

{ i l , . . . , i m }  = {j  e [k] : crj �9 gn} .  

We assume that the cycles C1, . . . ,  Ck are arranged in such a way that  if S_C [k] 
such that  [ii] g S c [ij+l] and a$(S)  �9 gn then S = [ij] or S = [ij+l]- Then by 

Proposition 4.1, the vertices aij and aij+l are adjacent on F ' ( a , $ )  (and hence on 

TD since F'(a ,g)  is a face of TD by Lemma 4.2) for j =0 ,1 , . . .  , m -  1. 
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C~j+I Since ~ijl~i~+l = .. is an even permutat ion,  it follows tha t  for 

j = 0 , . . . , m - 1  

lij+l + . . .  + lij+l >_ 3, 

where li is the length of the cycle Ci. Adding these m inequalities, we get 

3m <_ll + 1 2 + . . . + I k  <_n, 

i.e., m K d .  We have exhibited a path  from a to 7r of length at most  d which shows 
that  diam(TD) < d. This implies that  O(n) < d. 

To show that  O(n) = d, we have to find a find a directed graph D such that  
d iam(TD) = d. Let a - -  (1 , . . . ,n ) ,  • = {C1, . . . ,Cd} where C i = ( 3 i -  2 , 3 i -  1,3i) 

for i = 1, . . . ,d .  Let ~r = aC1. . .Cd .  Then, TD(a,Tr ) = Fl ( a , ~ )  is a d-cube by 

Proposit ion 3.1, and hence has diameter d. | 
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